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Teopnﬂ IMUKINYECKOI0o I/I30M0p(l)H3Ma

KIW — Gesellschaft e. V., Dresden, BRD
E-Mail: kiw_dd@arcor.de = hanzmannferr@mail.ru

OO0was Teopus

B nmanHOl paboTe paccMaTpuBaeTCs CBOWCTBO M30MOP(HBIX MOATPYINIT HEKOTOPOU
abcTpakTHOW rpynnsl G, KOTOPOE MbI Ha3bIBAEM IMKJINYECKUM H30MOPPHU3MOM. A TaKke
MPUBOAUTCS TIPUMEP MATPHYHOTO TPEACTABICHHUS TAKOTO IIUKINIECKOTO H30MOp(hU3Ma.

Omnpeneienue:
Ecnmu s k usomopdusix noarpynn A,, A,, .., A, Hekoropoi rpynnsl G

CYIIECTBYIOT IPe0Opa30BaHUS:
-1 __ -1 _ -1 _ -1 _
aAa =A4,, a,Aa, =A,, .., a,_Aa,_,=A,, a,Aa, =A,,

rie  a; - W30MOp(QHBIE 3JIEMEHTHl COOTBETCTBYIOIIMX MOArpynm A,, TO Takoe

1 1l

npeoOpazoBanue OyieM Ha3bIBaTh HIUKIMUYECKUM H30MOP(HU3MOM.

[TpucTynum K HOMCKaM LUKIMYECKOro M30Mop(hu3Ma cpeiu MOArpynI 2-ro nopsjaka.
Tabmuua Kanmu s rakux rpynm umeer Bug (Puc. 1).

Puc. 1
[Tpenmoioxkem, 9TO MBI HIMEEM TPHU MOATPYIIIHEI BTOPOTO TOPsAKa (TPYHIBl BTOPOTO
nopsiika Bceria n3oMop(dHBbI), 00J1a1al0NHe CBOMCTBOM IUKIMYECKOT0 n30Mopdu3ma.:
A:fe al, B:fe, b}, C:fe c),, rhe e - HeUTpanbHbINA deMeHT. Kaxaplid 2JIeMEHT B Takoi
TpyIIIe SBISIETCS OOPaTHBIM caMOMy ce0e, MOITOMY MOXKEM 3aIKCaTh:

aCa=B, cBc=A, bAb=C. (1)

Huknuyeckuit usomopdusm y1o06Ho n3o0pakats B Bue nuarpBMmel (Puc. 2).

A
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N3 paBeHcTB (1) 1erko nosyuuTh 0OpaTHbIe IPOeOpa30OBaHU:

aBa=C, cAc=B, bCb = A.

A

Puc. 3

OueBuIHO, UTO 00€ AUArpPaMMbl MOKHO OObEIMHUTb.

A

Puc. 4

Franz Hermann

Kak Bumum, mpocTeHImnii HUKIMYECKHH H30MOp(U3M CHMMETPUYEH WM, BEpHEe

CKa3arhb, 10 CBOEMY KOMMYTAaTUBEH, T. €. aBa = bAb, cAc =aCa, bCbh = cBc.

W3 paBeHCTB pacCMOTPEHHOTO IUKIMYECKOTO H30MOppHU3Ma MOXKHO IMOJIYyYUTH JIBa

TaKUX BBIPAXKCHUSA:

ab=bc=ca=d, ba=cb=ac=f.

He TpynHO 3ameTuTh, 4TO DJIIEMEHTHI €, 4, b, ¢, d, f 00pa3yl0T HEKOMMYTaTHBHYIO
IpyIITy MIECTOrO MOPSIKa, H30MOP(HYIO IpyMIie MOACTaHOBOK 3-ro nopsaka. Tadmuna Kamu

TaKo# Tpymbl Moka3zaHa Ha Puc. 5.
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I[J'If[ CHMMeTqueCKOﬁ TpyHaIibl IMMOACTAHOBOK TPETHETO IMOpAAKA 6YI[6M UMCTBh TaKuec
COOTBCTCTBUA:

123 123 123 123 123 123

“l123) T l213) " T l132) “ T 321) C T 312)7 Y Tl2st

Besikas rpymnma, u3oMopdHas rpynmne MOJCTAaHOBOK 3-ro MOpsAKa HMEET Tpu
MOATPYNIBL, O0NAjaroNIke JJIEMEHTApHBIM  [UKINYECKHM u3oMopdusmoM. JlaHHBIH
I/I3OMOpCI)I/13M MBI Ha3BaJIM 3JICMCHTAPHBIM, T. K. OH IIOCTPOCH I MOATrPYIIIl MUHUMAJIbHOI'O
MOpsIKA.

[Tepeiiaém K pacCMOTPEHHUIO IUKIWYECKOT0 M30MOp(PU3Ma i Tpynn 3-ro mopsjika.
Tabnuma Konu ans Takux rpymnm ©MeeT BUL:

a, 4 a,
a,| a, | a, | a,
a | a a, a,

Puc. 6

cC. Hn

[lycte umeeM Tpu u30MOpGHBIX MOATPYHNBI C 3NeMEHTaMu a;, b,, c;
HEHTpaJIbHBIM 3JIEMEHTOM e, JUIsl KOTOPBIX CIIpaBeUIMB IUKJIWYECKHA H30Mophu3M. 3Has

TaBimIly Kaiu u onpeaeneHne MUKINIECKOT0 H30MO n3Ma, MOKEM 3altucaTtb:. a Ba,=C
1 2

win a,b,a, = c,, a 0TCI01a NOTy4aeM:
a,ba, =ac;a,. 2)

W3 paBeHcTBa (2) 3aMedaeM, 4TO T. K. B JIEBOM U INPaBOM 4YacTU CONPSIKEHHBIE
JIEMEHTHI NPUHAJIEKAT OJHON M TOH ke rpymmne, a b, U ¢; - IEMEHThl IPYruX pa3HbIX

Ipynm, TO HA OCHOBAHUU OMpPEENICHUS] IMUKIMYECKOro M3oMopdu3Ma 3aKiarovaeM, 4To s
CYIIECTBOBAHMSI IIUKIMYECKOTO M30Mopdu3Ma AJisi MOArpyI 3-ro mopsiaka HE00X0aMMO, KaK
MUHUMYM, YETBIPEX N30MOPGHBIX MOATPYIIIL.

Huxe ™Mbl BepHEMCS emé K MUKIMYECKOMY H30MOPPU3MY [UIsi TOATpynHm 3-ro
oS AKA.

JList nukmugeckoro u3oMopdu3mMa crpaBeinBa Claeayomas

Teopema:

Ecim cpenn moarpynn HeKOTOpPoil KOHeYHOH rpynmnbl G CyliecTBYHOT XOTsl ObI
JABe M30MOp(pHbIe B3aUMHONPOCTbIE MOATPyninbl A U B, U cymecTtByeT XOTs Obl OJMH
3JIEMEeHT @, , HeKOMMYTATHBHBIN ¢ NOArpynnoi B (1. e. a,B # Ba;), T0 Me:k1y NOATpyIN

3TOr0 MOPSAKA CYyIIeCTBYeT HUKIMYECKHA H30MOppusm.
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Jloka3arejbCTBO:
[TycTts HexoTopas rpynna G uMeeT aBe U30ModHble noArpynnsl A U B, u cymecTByeT
JIEMEHT @, € A, Takol, 4To a;B # Ba,. 31ech 0] HEKOMMYTATUBHOCTBIO JJIEMEHTA @, U

noArpynmnsl B umeercs B BUY, 4TO @, B n Ba, o0pa3yioT pa3Hble NOArpyIIsI B rpymnme G.
OueBHIHO, YTO dIeMeHTHl a,Ba;' Takxke 006pasyloT MOATPYMNIy, MPHYEM B CHIY
HepaBeHCTBa a;B # Ba;, - sto Oyner mnoArpymnmna, oTiauuyHas oT noarpynn A u B, HO
uzomopduas um. O6o03naunm eé C = a,Ba;" .
Paccmotpum snementsl b,Ch;', tie b, - 3JEMEHT COOTBETCTBEHHO HM30MOPQHBIH

snementy a;. B cuny uzomop@usma noarpynn A, B u C, snementst b,Ch;' BHOBL 06pasyroT

MOJTPYIITY, H30MOP(HYIO TaHHBIM.

T. x. rpynnma G' KOHEYHasi, TO OHa UMEET KOHEUHOe 4ucio noarpynm. I[lpomomkas
Hallld TMOCTPOEHUs] MOJOOHBIM 00pa3oM, Mbl B KOHIIE KOHLIOB HOJYYHM O3JIEMEHTBI YXKe
CyllecTByomed noarpynmnsl. T. e. momydaeMm, COIJacHO OIpPEAETeHUs, LHUKINYECKU
nzomopdusm nparpynn A, B, C, ...

Yro u TpeboBanoch J0Ka3aTh.

[Muxmyecknii n30MOp(HU3M MOXKET OBITH JTOBOJIBHO CIOXKHBIM. MBI yOETUMCS B 3TOM
y>Ke IIPU paCCMOTPEHUH MTOATPYIII I'PYMIIbI OJCTAHOBOK 4-I0 MOpsAIKA.

Cpemu moarpyni JaHHOW TPYMITBI MOKHO BBLICTHTH TPU M30MOP(HBIX TOATPYIIITHI
yerBEéproro nopsaaka A, B, C. IIpuuém cymecTByeT 3iIeMEHT @; TakoW, 4To a,B # Ba,.

CrnenoBaTenbHO, B CHJIY BBIIIEU3JIOKEHHOW TEOpPEMbl, JaHHbIE MOATPYMIbI CBSI3aHbI
IUKJIMYECKUM n30Mopdu3MoM. B aTom He TpyaHO yOeauThes.

1234 1234 1234
A: e, a, = ya, = ya; = 5
2341 4123 3412
1234 1234 1234
B: e,b1= ,b2= 9b3= )
2413 3142 4321
1234 1234 1234 1234
C:i{ec = ,Cy = ,Cy = , 311eCh € =
3421 4312 2143 1234

Tabnuna Kanu u1d Takux rpyni uMeeT BUJ:

Puc. 7
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DneMEHTOM, OTBEYAIOIIUM TPEOOBaHUSAM TEOPEMBI O LUKINYECKOM H30MOphHU3ME,
SABIISETCA DIEMEHT @, W, COTBETCTBEHHO, - @,, T. K. 4, = a, . [loy4aeM Takoii [MKIMYeCKUit
n3omMophusm:

a,Ba;' =C, bCh;' = A, c,Ac;' =B. (3)

Puc. &

N3 paBenctB (3) 7erko mMOIy4YHTh OOpaTHBIE NPEOOpPa3OBaHUS LUKINIECKOTO
nzomoppusma.

a,Ca;' =B, c,Bc;'=A, b,Ab;' =C.

Puc. 9

DIeMEHT a, HC OTBCHACT YCIOBUIM HaIeu TCOPCMBI, MO3TOMY JIA TOCTPOCHUSA

[UKITNIECKOT0 n30MOp(du3mMa He TOTUTCS.

KpoMe naHHBIX TOATPYII 3TOW TPYMIBI CYHIECTBYET €IIE€ YEThIPE MOIATPYIIIBI
TPETBETr0 TMOPSJIKA, OTBEYAIOIIUE YCIOBUAM Hamed Teopembl. Tabmuiyy Komm s takmx
TPy MBI TTOKa3anu Ha Puc.6. Panee Mbl TOBOPHIIH, YTO JJISI CYIIECTBOBAHUS [IUKIHYECKOTO
n3oMmopduzma cpeau moArpynn 3-ro mopsiaka HEOoOXOAMMO Kak pa3 HE MEHee YeThIPEX
M30MOPQHBIX MOATPYTII.

BBenéM cooTBeTCTBYIOIIME OOO3HAYEHUS M TMOKAXEM AHArPAMMBI ITUKIHYECKOTO
n30MOpQu3Ma IS ATHX MTOATPYTIIL.

1234 1234 1234 1234
A:qe,a, = s, = , B:{e,b, = b, = ,
1423 1342 3241 4213
1234 1234 1234 1234
C:qe,c, = ,C, = , D:je,d, = ,d, = .
4132 2431 2314 3124
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) b,
B a, C
B
3 d,

b2
A
d, ¢,
<7
C a, D
A
b2 d2
B D a, B

Puc. 10
B nanHoM ciyuyae paBeHCTBO (2) mprUHUMAET BU/I;
a,Ba, =a,Ca, =D.

Cpenu »5JEMEHTOB CHMMETPHUYECKON Tpymnmbl 4-ro Mopsiika OCTanoch emé 6
3JIEMEHTOB, KaXIbli U3 KOTOPBIX B COBOKYIHOCTH C HEUTpalbHBIM 3JIEMEHTOM OOpa3yer
MOJTPYITy BTOpOro mopsiaka. [Ipuuém, ocraBIIMecs 3JIEMEHThI OTBEYAIOT TPEOOBAHHSIM
TEOPEMBbI O MHUKJIHYECKOM wm3oMopdusme. CiemnoBaTeIbHO, MEXKIY OCTABIIUXCS ITOATPYIII
CYIIECTBYET IIUKIMYCCKHI N30MOP(H3M.

BBeném o0o3HauyeHM:

1234 1234 1234 1234 1234 1234
a= , b= , = ,d= , f= , h= .
1243 2134 1432 1324 4231 3214
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[Toarpynmsl  BTOpPOro TMOpSiAKA, COAEpKAIlMe JaHHBIE JJIEMEHTHI, 0003HAUYUM
cootBeTcTBeHHO: A, B, C, D, F u H, Torga

A B F A
D . "CD 5 "H B FP»CF . T H

Puc. 11

Kak BuaMM M3 JaHHBIX [OPUMEPOB, LUKIMYECKUH H30MOp(U3M  TOBOJIBHO
pa3HoOOpa3eH.

Tenepp 3aiiMEéMCS MOCTPOEHHEM TPYMIbI, MOArPYMIBI KOTOPOH 0Opa3oBBIBAIM Obl
LUKINYECKUI U30MOPPU3M, UMEIOIINN YETHIPEXYTOJIbHYI0 AuarpaMmy Puc. 12.

A4d>B
D l b C

Puc. 12

[Ipocreiimme paBeHCTBa MUKIMYECKOTO M30MopdusMa OyayT umerh Buu: aBa = C,
bCb=D, cDc=A, dAd =B.

[lepenuiiem 5TH paBeHCTBa, BBeIAs O0O3HAUEHUS, KaK MPUHATO B ONPEHICICHUU
[UKITUIECKOro n3oMopdusma:

a,A,a, = A, a,Aa, =A,, a,Aa,=A,, a,Aa, = A4,. 4)

T. K. MBI XOTUM HOCTPOMTH MPOCTEHUIIYIO U3 BO3ZMOXKHBIX TPYIII, TO OyAeM CUUTATh,
qT0 Bce noarpynnsl A,, A,, A; 1 A, BTOpOro nopsjaka.

ns PaBEHCTB (4) MOJy4aeM JIOTIOJTHUTEIbHBIE COOTHOILICHUS:
a,a,=a,a, =a,a, =a,, a,a, =a,a, =a,a, =ag, aa,=a,a,=a,a,=a,,
a,a, =a,a, =a,a, =ay. W, xpome 53TOro, HeoOXOAUMO BBECTU €IIE OOUH DIIEMEHT,
OIIpeETsIEMBIN PABEHCTBOM: @, dg = d,.

[Tomyuaem rpynmy 10-ro mopsiaka, uMeronnyo Takyro tadnuiy Komu (Puc. 14).

W3 Teopun abCTpaKTHBIX TPYII H3BECTHO, yTo rpynn 10-ro mopsjika CylecTBYET
Tonbko nBe. OgHa W3 Hux AOeneBa, apyras HeT. Mbl moctpounu He AGeneBy rpymiy,
MPEICTABISAIONIYI0 COOOW MpsIMOE MPOU3BEACHHUE JIBYX IPYIIN, BTOPOTO U MISTOrO MOPSIIKOB.
Taxoxe U3BECTHO, UTO Takas IpyIia UMeeT OJHY HOATPYIILY 5-To MopsijaKa U MATh MOArPYII
2-T0 TopsIKa.

JlelicTBUTENBHO, KPOME NaHHBIX HAMU MOATpYyIN 2-ro nopsnka A,, A,, A, u A, , MbI
uMeeM emé oAHy Hoarpymnmy A, :{ao,ag}, a DIEMEHTHl a,, a5, d,, 4,, @y O00pasylT
MNOATPYIIY 5-ro HOpsiIKa.

T. k. 2neMeHT @, OTBe4aeT TpeOOBaHMAM HAIIEH TEOpPEMBbI, TO KPOME 3aJaHHOIO
LUKINYECKOro n30MOp(du3Ma Mbl IOTYUYaeM ell€ YeThIpe NOJ0OHBIX.

-7-
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A, a, )
a,
A, a,

Franz Hermann

A, > A, A 2 pd, A by gy A b g
a, a, a, a, a, a, a, a,
A9l a, A, Az‘ a, A, As‘ a, A, Ag‘ a, A
Puc. 13
ay a a, a, a, a; a; a, a, a,
a, | a, | a4, | a, a,| as | as | a,; | ag| a,
a4y | ay| a5 | 45| a; | a;| a, | a, | ay| 4
a, | as| a, | a;| az| a,| a a, | a,| ag
a | aq | ag a, | a5 | a,| 4 ay | a, | a,
a, | ag| a, ag | a, | ay| a; a, | a; | as
as az a9 al a3 a7 a0 a8 a6 a4
ag | a,| a,| a,| a,| 4| az| a;| a, | a,
a, | a, | Q| a,| a, | ag| as | as| a, | a,
ag a,| a; | ay | a4, | ag| a,| ay | as| a
ay | a,| 4as | ag | 4| a,| a,| a,| a;| a,

Puc. 14

JlaHHBIN TUKIMYECKUH U30MOPPHU3M HHTEPECEH TE€M, UTO Ui Ka)XIOW OTIENbHOMU u3
MIATH MOJTYYEHHBIX YETHIPEXTPAHHBIX TMArPaMM HE CYIIECTBYET OOpaTHBIX JUATPaMM.
Bce maTe moarpynn MoxxHO 00BEAMHUT OJIHOM nuarpammoii (Puc.15)

A Yy 4,
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O cymiecTBOBaHUM MHATOM MOATPYNIBl A, MOXHO OBUIO CHENATh 3aKIIOYEHUE U W3

aHajn3a paBeHCTB (4).
Ha sToM MBI 3aKOHYMM HCCIIEOBaHNE OOIIMX BOMPOCOB U MPHUCTYIUM K TOCTPOEHUIO
MaTpHUYHOTIO MPECACTABICHUA HUKINYCCKOIO I/I30M0p(1)I/ISMa.

MaTpuyHoe npeacraBjieHue

CrnemyeT 3aMeTUTh, YTO OJHOTHITHBIM (M30MOP(HBIM) IUKINICCKUM HU30MOP(HU3MOM
MOTYT OBITh CBSI3aHBI MOJTPYIIILI HE 00s3aTEILHO H30MOP(MHBIX TPYIII, TOATOMY MBI OyJIeM
CTPOUTHh MATPUYHOE TPEJCTABIICHUE UMEHHO ITUKINYECKOro u3oMophu3Ma, a He MaTPUIHOE
MPECTaBICHHE A0CTPAKTHBIX TPYIIIL.

[ToctpoM MHKJIMYECKUH W30MOPGU3M JUII MATPUYHBIX TPyl 4-ro  IMOpsIKa,
COCTOSIIMX M3 MaTpuil 2-ro nopsiaka. Tadmuna Kanu takux rpymm noka3ana Ha Puc. 7.

PaccmoTrpum yacTHbIN ciydaid pacHCTB (3).

1 1 a1
a,b;a;” =c;, bie;by =a,, cac; =b,. (5)

ConocTtaBUM KaKOMY 3JIEMEHTY, MCKOMBIX TPYMI, HEKOTOPYIO MAaTpuUily BTOPOIO
MOPSAKA.

a,=FE, a1=\/Z, a2=a1_1=\/Z, a,=A,

rae E — enuHuuHas matpuna, /A, , \/A_ - conpsKEHHbIE KOPHU KBaJpaTHbIE U3 MATPHLIbI

A, npuuém A*=E, \/Z\/I:\/Z\/Z:E

Cz[enaeM AHAJIOTUYHBIC COIMMOCTABJICHUA U JJI1 3JICMCHTOB APYT'UX ABYX I'PYIIIL.

b,=E, b,=,/B,, b,=b"=\/B_, b,=B,
c,=E, ¢,=/C,, e,=¢]'=,/C_, ¢,=C.

Toraa Ha ocHOBaHMU paBEHCTB (5) MoJlydyaeM CIEIYIONIYI0 CTCTEMY MaTPUYHBIX yYpaBHEHUI
MPECTABICHUS IUKIMYECKOT0 H30Mophu3ma.

JA.BJ4 =C
JB.C\/B_=4. (6)
Jc.ajc =B

MpbI 10KHBI TIOMHUTH, 4TO OykBamMu A, B, C Teneps 0003HAYAIOTCS MATPHILBI, a HE
TPYIIIIBL.

Tak xak Hamu Matpunbl A, B, C o01agaioT OAHUMH U TEMU K€ CBONCTBAMHU, TO MBI
BBEIEM I HUX 001Iee 0003HaueHne X, e

XX=E, X, JX, =\{X_JX_=X, /X, JX_=yX_JX, =E (7)
Paccmoptum B pa3BépuyToM Buae yciaoBus (7).

-9.-
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2
XX = X X || Xun X | _| X5t XXy x12(x11 + xzz) —E= o
- “Lealrn o) e ) 570 1)
X X A\ X X X\ Xy Xy ) Xy + XXy,
OTCIOI[a oJryuacMm:

x121 + XX, =1

x222 + XX, =1
X12 (xn + x22)= 0
=0

X (xll + xzz)

®)

Kpome »storo, wus det(X )-det(X )=1, clenyer det(X )=il. JUid  HaxoxKIeHHs

marpunl /X, u ,/X_ Bocmomezyemcs Gpopmyioi (9), kKoTopast HE CIOKHO BBIBOJHUTCS U €€
BBIBOJI MBI 3/1€Ch OITyCKA€M.

< +1 (xu + Jdet(X) X, ] o)

+ =
\/x11 + x,, £ 24/det( X X1 Xp* \/det(X)

Opu X,; + X, +24/det( X )= 0.
PaccMmoTpuM npousBeieHUe CONPSKEHHBIX KOPHER U3 MaTpULbl X.

(X+E detX) —(X—E detX)
X, JX_ = . -
\/_+\/__ \/xn +x, + 2,/det(X) \/x11 + Xx,, —2./det(X)

_ -(x-Edet(x)) _ E(det(x)-1)
\/(xu + X5 )2 - 4det(X) \/(xn T X5 )2 - 4det(X)

=FE.

OTCIO,I[EI noJjrydyacem:

det(X)-1
\/(x11 + Xx,, )2 - 4det(X)

=1. (10)

Panee MpI oT™MeUanu, 4To det(X )= 11, HO 3aMeTuM, 4TO NpHU det(X )= 1 paBeHCTBO
(10) cTaHOBHUTCS TPOTUBOPEUYMBBIM, CJEAOBATEIIHHO det(X ) =—1. Torma, ¢ yuérom (10),
MOJy4aeM TaKyl CUCTEMY YPaBHEHUI.

-

2 —
Xpp + XXy =1
2 —
Xy + XXy =1
T *n (x11 +x,)=0 | (11)

X (x11 + x22)= 0

\\/(xu + X,, )2 +4=-2

-10 -
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Tenepp MOKEM NPUCTYIUTH K MOUCKY MPOCTEHIIMX PELICHUN CUCTEMBbI YPaBHEHHUU
(11), koTOpBIE OBI YIOBIETBOPSIIN PEIICHUSIM CUCTEMEI (6).

PaccMoTpuM cnydaif, korga X, = X,, =0, Torma x,, = x,, =1. I[loMHuM, 4YTO
det(X ) =—1. T.o. moiryyaeM Takue peleHus:

1 0
1) x12=x21=0,x11=1,x22=_1 HHHX:

0 -1

-1 0
2) x12=x21=05 xn:_l, xzzzll/lHI/IX: 0 1 .

OueBUHO, 3TU pelIeHus yA0BIeTBOPAIOT cucteme (11).
PaccmoTpum BTOpOM mpocTeldmui ciaydai, koraa x,, = Xx,, =0, T. k. det(X )= -1,
TO X,,X,, =1.Ilony4yaem Takue npocTenine peneHus:

0 1
3) x11=x22=07x12=15 x21=1 HJ'IPIX:[I 0]

0 -1
4) x11=x22=0,x12=—1,x21=—1HJH/IX=£ , OJ‘

Pemenus 1) —4) Bce yaoierBopsoT Matpuniam A, B, C. PaccMOTpuM BCEBO3MOKHBIE
napsl pemeHuid 1) — 4), MoxeTr ObITh, Kakas-TO Mapa W3 HUX YJOBJIETBOPSAET CHCTEME

ypaBHeHuUi (6).
= 1) Brrauciaum mo

1 0
Paccmotpum pemenust 1) u 2), myctb 4 = (0 J , 0

dopmyiie (9) conpskE€HHbIE KBaflpaTHbIE KOPHU /A, U /A_ .

S A R

IToncTaBUM NOSTyYE€HHBIE MAaTPUILIBI B IEPBOE YPaBHEHHUE CUCTEMBI (6).
1+i 0 -1 0) -1 (1-i 0
JA, B\ A =
[ —1+i)(0 J«/—Zi[ 0 —I—J
-1(-2 0} -1(-2 0 -1 0
Jalo 2) -2(0 2 0 1

3aMeTHUM, 4TO MbI B3SUIH Ja = —2, T. K. 9TO YCJIOBHE TIATOTO ypaBHeHUs1 cucteMbl (11) mpu
Xx,, +x,, =0, T. e, BHawmem cayyae, a,, +a,, =0.

T. o. monmygaem B = C, 4TO MPOTUBOPEUUT NIEPBOMY YPABHEHUIO CUCTEMBI (6).
[TomensiB Mectamu MaTpuibl A U B, Takke NPUXOAUM K IpoTuBopeurto. Pemenus 3)
u 4) TakKe He YJIOBJICTBOPSIIOT IEPBOMY YPaBHEHUIO CUCTEMEI (6).
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1 0 0 1
Paccmotrpum pemenus 1) u 3). Ilycts A=(0 J, B=(1 OJ‘ Haxonum

comnpsiKEHHbIE KOPHU KBaJpaTHBIE U3 MaTPUILbl A, MOJICTaBIseM MOJIyYEHHbIE BBIpaKEHUS B
—i
MIepBOE ypaBHEHUE CUCTEMBI (0) U MoJly4aeM B pe3yJibTaTe HOBYI0 MaTpully C = [ - ) .
i

He tpynHo npoBeputs, uro matpuna C yJI0BIETBOPSIET U CUCTEME ypaBHEeHUH (11).
[IpoBepumM, yHOBIETBOPSIET JU ManI/II_Ia C BTOPOMY YypaBHEHHUIO CHCTEMBI (6).

1 1

Haxomum /B, = \JB_ .| w moncraBasieM Bo BTOpOE
J2i [ } \/— 2i [ - l\]

ypaBHEHUE cUCTEMBI (6).

R N P R
2\1 i\i ON1 —i) 210 -2 0 -1
AnanornyHo yOexgaemcs, 4to matpuubl A, B, C yIOBIETBOPSIOT U TPETbEMY
YPaBHEHHUIO CUCTEMBI (6).
Taxum 00pa3oM, MbI ITOJTy4aeM MEpBOE MPeJICTaBICHHE UKIMYECKOro n3oMophu3Ma
JUI TPEX TPYIIT YETBEPTOro MOPSAIKA, TOPOKIAEMOE MAaTPULIAMMU:

[l OJ (0 lj
) A= , - ,
0 -1 1 0

Kak Bunum, marpuusl A, B, C HM 4TO MHOE, KaK M3BecTHhIe MaTpulsl Kinuddopaa-
[Taynn.

IIpoBonsg aHanoruyHele JACHCTBUA, IOJNy4aeM U JAPYyTHE IPOCTEUINNE PpELICHUs
CHCTEMBl ypaBHEHUI [IUKJINYECKOT0 U30MOphuU3Ma.

0 1 1 0 0 i
2) A= , B= , C= .
10 0 -1 —i 0
1 0 0 -1 0 i
3) A= , B= , C= .
0 -1 -1 0 —i 0
0 -1 1 0 0 —i
4 A= ,  B= : C= :
-1 0 0 -1 i 0
-1 0 0 1 0 i
5 A= , B= : C= .
0 -1 10 —i 0
-1 0 0 -1 0 —i
6) A= , B= , C=
0 -1 -1 0 i 0
0 1 -1 0 0 —i
7 A= : B= : C= :
10 0 1 i 0
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0 -1 -1 0 0 i
8) A= , B= , c=| |
0 1 —-i 0

I[J'IH BCCX MaTpull 3TUX peH_ICHI/Iﬁ CIIpaBCAJIMBO 06]].[66 CBOMCTBO:

AB =—iC, BC=—id, CA=—iB . (12)
[TapajlenbHO 3aMETHM, YTO MATPUIGI HAIIUX pPENICHHHM, B COBOKYIHOCTH C
i 0 —i 0
ManI/H_[aMI/I 0 . U 0 . 06pa3yIOT I/I3BeCTHyIO prl'[l'[y KBaTepHI/IOHOB. 3,HCCL
1 -1
i 0 ) 1 0 01 0 —i
a, = - HEHTpaNbHBINA 2JEMEHT TPYIIILL, @, = , 4, = , 4, = ,
°Zlo P by =l -1 1 o))" o
0 i 0 -1 10 i 0 )
a, = , Q.= , A, = , 4, = . B kauectBe rpynmnoBoii
Tloio) T e o) %o 1) Tl =i Py

OIIEpaLUH « ©)>» MEXIY DIEMEHTAaMU BBINOIHIECTCS IEHCTBUE: 4; ° a i = —ia;a i Taomuma Komu

TaKoM rpyHIibl UMECT BUA!

Puc. 16

Ha »TOM MBI OCTaBMM NOHUCK Ipyrux pemeHuil cucreM ypaBHeHud (11) u (6) u
MOKa)keM B 00OIIEM BUAE, KaK CTPOSITCS IPYyIIbl, MOpoXkIaeMble MaTpuiamMu [laynu, koTopsle
00J1aJaI0T CBOMCTBOM LIMKIIMYECKOTO H30MOp(H3Ma.

- 13-
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I'pynnbl matpun [layau

Beeném ob6o3nauenus nist matpurl Ilaynu, npuHaTeie B OONBIIMHCTBE U3BECTHOW HaM
JUTEPATYPHI.

sl—l 0 s2—01 s3_0—i
o —=1)77 1 o) i o

1 0
ITycts S — mobas u3 marpun Ilaynmu. Tornga § § = E = 0 1) det(S ) =—1. Ilycts

1 1
S” n §" - 1Ba CONPsKEHHBIX KOPHS N-0H CTENEHU U3 MaTpuUlbl S, IpUuéM TaKue, 4To

S S"=S8" 8" =E, (13)

1 2 n-1 n-1 2 1

Torga MHoxkectBo Marpun G = E,S!,87,..8," ,8,85 " ., 8",8" obpa3zyet
MUKITHYECKYIO TPYIITy 21-TO MOPSIKA.
Yoenumcs, uto G — MUKIUYECKas TPYIINA.

JIro0kI1e JBa 3JICMCHTAa H3 MHOXKCCTBa G KOMMYTAaTHUBHBI, T. K. KaXJbIM W3 B3STHIX
1 1

3JIEMEHTOB IIPEJCTaBIIAET COOO0I LeTyl0 CTENEeHb 1eMeHTa S WK 1eMenTa S”, ¢ ydérom
(13).
IIpoBepuM aKCHOMBI TPYMIIBL.
1. Ha mHOXecTBe G B KadecTBe TIPYIIIOBOM ONEpalyy HCIOJB3YETCS OIepanus
YMHOKEHHS MaTpPHLL, 11 KOTOPOM CIPABENINB ACCOLNATUBHBIN 3aKOH.

2. E — HelTpalbHbIN 3J1E€MEHT.
k k

3. Jlns kaxzoro sneMeHTa u3 G umeercs eMy ooparueiii: S S” =E.

4, HOKa)KCM, 4yTO AJIA JIFOOBIX ABYX J3JICMCHTOB M3 G ux MMPOU3BCACHUC ABJISACTCA

TOXE daeMeHToM u3 G.
k m k+m

1). Paccmotpum npousBeneHne SE SF =8." ,tnek<n,m<n.

+

k+m
a). Illyctb k+m < n,torna §,"” € G.
k+m

0). Ilycte k+m > n . IlpeacraBum S, " B cienyromeM BUE:

k+m k+m—n k+m-n  k+m-n 2n—(k+m) 2n—(k+m)

S," =8, " S=S," S_." S " =85 " |,

+

a T. k. k+m>n u k<n, m<n, T0 2n—(k+m)<n. CrnengoBaTeiabHO,
2n—(k+m) k+m

S " =8, €G.

-14 -
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k m

2). Paccmotpum npoussenenue S S”,rae k<n, m<n.

L k=m — m m k—m
a). Illycte k> m ,torna S S* =8," S’ §7=8," €G.
k m
0). Ilyctb k = m , Torna oueBuaHO, uto S” §" =E.
k k

3). PaccmoTpum npousBeneHne SE S (umm S* S ).

k k k n—k n—k

Sn §=8" 8§ §n =85 €@,

1 1
Tenepp mokaxeM, 4ro 3neMeHT S (uau S”) sABnasgeTcd oOpasyOUUMM 3JIEMEHTOM

rpynnsl G.
OueBUIHO, YTO BCE DJIEMEHTHI cjieBa OT S (cM. 3amuch MHOXkecTBa G), kpome E,

1 n

ABIISIIOTCS CTENEeHAMH diieMenTa S or 1l gon-1. | S | =§.

n+1

1
n
Paccmotpum | S

n+1

n-1

DOneMeHT S_" - MEepBbIi U3 MIEMEHTOB, PACIIOJIOKEHHBIX CITpaBa OT 3JIeMeHTa S (CM. 3aMuch
1 n+2 n_?
MHOXkecTBa G). | S/ =5 " WUT. 1.

Paccmotpum snemenr | S

N~
3
|
—
—
3
+
—_
S
1
—
~

2n 1 1

1
torna | S | =8" S =E.

T. 0., MBI J10Ka3alu, YTO MHOXECTBO G ABIAETCA LUMKJIMYECKOM Ipynmnoi 2m-ro

nopsiaka. ['pynmel G B nanpHelIeM Oy1eM Ha3bpiBaTh rpynnamMu matpun Ilayau.
[Tokaxxem, uro rpynmel Matpuil Ilaymu 2m-ro mopsaka (m — uyé€THOe) 00JIaAaroT

IUKITTIECKUM H30MOP(PU3MOM.
Hanomuum, uto S' S =—-i §°, §* §*=—-i §', §* §'=—-i §*.

-15-



Dpany ['epman Franz Hermann

['pymity, mopoxaaemyro Matpuneii S*, 6ynem o6o3nadate G* . T. 0., MBI IMeeM TpH
rpynmsl Matpun IHayma: G', G?, G°. 3amumem B 06mIeM BuAE BBHIPAKEHHS I
CONPSKEHHBIX KOPHEil KBaJPaTHBIX U3 MATPHIIBL S * .

He TpyHO y6eauThes, 4To
Jsiysisi = sz, (14)
JS2siys? = st (15)
JSIsiys? = st (16)

JlokaskeM, 4To \/E (Si )%\/E = (Si )% :

[Tpeobpaszyem paBenctBo (14) ciaemyrommm o6pazom:

JSTSTST = ST (s2)e(2)rufs2 )57
A€ COMHOXUTCIIb (sz: )% HCIIOJIB3YCTCA g pas. HpaBon YacCTb, MOJYUYCHHOTO BBIpAXXCHUA,

MOXHO IIPEACTABUTh B TAKOM BHUC:

1

(VsT(s2)r s | st <s;>nm.{ms;>iﬁj=ﬁ(ms;>i@,Ho

{52520 5 ) - 52 -T2

1

OrTcro1a 3aKirogaeM, 4To \/S7i (S i )i\/g = (S i ); .
AHaJIOTNYHO 10Ka3bIBAETCS, YTO \/S73 (S ] )%\/?f = (Sl )% /S (Si )%\/?f = (Sf )% .

I/ICHOJ'IL?:}’SI MOCJICIHUC PaBCHCTBA HC CJIOKHO AOKa3aTb, YTO

sE(sz)e sz =(s2)-
s2(si)rs? = (s1)-.
si(si)r st =(s1)
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T. o., MBIl JOKa3anu, 4TO IS TPyHN G', GZ, G* CIIPaBEJIUB IUKJINYECKUN
U30MOpPH3M:

J$16*s! =6,
J$16°s? =",
Js:6's? =G>

B 3akiroueHue npuBenéM npumep KOHKpETHbIX rpymni marpull [laynu 12-ro nopsika,
U1 KOTOPBIX CIPaBEeAINB IUKINUYECKUH H30MOP(HU3M.

[IpenBapuTeNbHO MOKAKEM BbIBOJ (POPMYJIBI 1JIs1 HAXO0XK/IEHUS KyOMUECKUX KOpHEH U3
KBaJIpaTHBIX MaTpPHULl 2-T0 nopsaaka. Ita popMmysia MOHaJ00UTCS HaM B JalibHEHIeM.

a, ap, X X 3
I[lyctb A= un X= Takasg, 4yro X =A wu
a, ay Xy Xpn

det(X)= X Xy — XXy = 3det(4) .

Pa3pepHyB paBeHCTBO X = A, MOJTy4aeM TaKylo CHCTEMY ypaBHEHMiA:

x131 T XXy Xy T Xp Xy (xu T Xy ) =ay, an
x121x12 T XXy T XXy, (xu + x22)= a (18)
x222x21 + x12x221 + x21x11(x11 + x22)= a 19
x232 T XX Xy T XXy (xu ) ) =ay (20)

Crenaem npeobpazosanns ypassenns (17).
x} 4+ x,x,, (2x,, + x,) = x3 + (xnx22 - {/MXZxU +x,)=a,.
X3 +2x2 x,, - 2x,, 3/det(4) + x,,x2, — x,,3/det(4) =
=X, (xf1 +2X,,X,, + sz)— det(A)(x,, + x,,)— x,,3/det(4) =
= % (e + 3 ) = Yet(4))- (v, + 3, Waet(4) = a,
AHAJIOTUYHO HAXOJIUM:
yn = Xn ((xu +x,)" - W)_ (%, + x5, Rldet().

JlBa mocneiHUX paBeHCTBA MEPENUIIEM TaKUM 00pa3oM:

. = a, + %/detiAi(xn + x22) . - a,, + %/detiAi(xll + x22)
! (x11 + Xx,, )2 —%/detiAi PR (x" + X, )2 - %/detiAi .

CrnouM JIeBBIE U NTPaBbI€ YaCTH MOJIyYEHHBIX BBIPAKEHUIL:
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a, +a, +23/det(A (x11 + xn)

(x11 + x,, )2 - %/detiAj

(x11 + X, )3 —%’/detiA i(x11 + x22)= a, +a,, +23/det(A (x11 + xn).

X, +x, = , WIIN

O0o03HauuB X, + X,, =, I0JIy4aeM XapaKTepUCTUUYECKOE ypaBHEHHE:

* —36/det(4) - (a,, +a,)=0. (21)

PemuB 310 ypaBHEeHHE, MOKHO HAalTH ¢, U Jajee X,, U X,,, T1€

a,+t- w/detiAi _ay +1-3/det(4)

T = 2 —3det(4) ’ t2 —3/det(A4)

W3 ypasuenntii (18) u (19) nHaxomum:

a12 a21
x,=—2 __ x =—M2 __
P sfdet(4)” T 12 —3/det(A)

[Tomyuaem oburyto hopmyiy:

%/Z_ (4+¢-3det(4)E) (22)

%/detiAi

Xapakrepuctuueckoe ypasuenue (21) as marpun [laynu umeer Bun:
t*+3t=0.

Otkypa: ¢, =0, ¢, = i3 , by = —iv3.1 dbopmyna (22) OyaeT BHIMISACTh TAKUM 00pa3oM:

st = t21+1(Sk +tE).

Ha ocHoBanuu nocnenneit GopmyJsibl moJydaem:

1

st =5, YT =1 (5" -i3E)= (s ) YT =1 (5" +iv3E)= (s

1

k k .
Panee MBI TTOKa3anu, 4To (S+ )2 = S* +iE ), TOrAa

1
7

(5252 =52 ) === ls* - ivae)s* k)=

- 18 -
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1 . k| gk _ 1 il1= il +
=_ZE(E—1J§S +iS +\/§E)— 2\/5((1 x/S)S (1 \/5)E)

5 1
MBEI TOMHHEM TaKKe, 9TO (Sf )6 Sk = (Sf )6 , T. €.

(sf)% - —ij_i(i(l—ﬁ)s" +[144B)E)s* = —2\;2_1.((1“/3)5" +ill-3)E).

1
Ho (Sf )6 - 9TO KaK pa3 M ecTh 0Opasylommi >aeMeHT mis Tpymmsl G*  12-ro
nopsiika. Bbluucnas pasinyHble CTENEHHM ATOTO 3JEMEHTa, MOKHO HAWTH BCE DJIEMEHTHI
rpynmsl G .

IIpn BBIUMCIEHUU MATPULl MBI JOJKHBI IOMHUTH, YTO Ja=-2 (wm —4 =-2i), 1.
K. 3TO YCIIOBUE TIOCJIETHEr0 ypaBHeHus cuctemsl (11).

-19-
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